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We study high energy charged particle colhsions near the horizon in an electromagnetic 
field around a rotating black hole and reveal the condition of the fine-tuning to obtain 
arbitrarily large center-of-mass (CM) energy. We demonstrate that the CM energy can be 
O ■ arbitrarily large as the uniformly magnetized rotating black hole arbitrarily approaches max- 

imal rotation under the situation that a charged particle plunges fi:om the innermost stable 



circular orbit (ISCO) and collides with another particle near the horizon. Recently, Frolov 
[Phys. Rev. D 85, 024020 (2012)] proposed that the CM energy can be arbitrarily high if the 
magnetic field is arbitrarily strong, when a particle collides with a charged particle orbiting 
the ISCO with finite energy near the horizon of a uniformly magnetized Schwarzschild black 
hole. We show that the charged particle orbiting the ISCO around a spinning black hole 
needs arbitrarily high energy in the strong field limit. This suggests that Frolov's process is 
unstable against the black hole spin. Nevertheless, we see that magnetic fields may substan- 
tially promote the capability of rotating black holes as particle accelerators in astrophysical 
situations. 

PACS numbers: 04.70.-s, 04.70.Bw, 97.60. Lf 



The possibility that black 
since Bahados, Silk and West 



I. INTRODUCTION 

loles can act as particle accelerators has been intensively studied 
l|] discovered that the center-of-mass (CM) energy of two colliding 



particles can be arbitrarily high if the collision occurs in the vicinity of the horizon of a nearly 
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maximally rotating black hole and if the angular momentum of either of the particles is fine-tuned. 
Although the effects of self- force might prevent the CM energy from being arbitrarily high J 4], 
it would also be reasonable to assume that the CM energy is still high enough to be of physical 
interest if the mass-ratio of the particle to the black hole is very small ^,5]. This process was 
generalized to most general geodesic particles In particular, it was revealed [9,!] that the fine- 

tuning of the angular momentum is naturally realized for the particle orbiting an innermost stable 
circular orbit (ISCO), which is important in astrophysical contexts. In fact, to obtain an arbitrarily 



Id, 



111 that the 



high CM energy, the particle motion does not need to be geodesic. It was found 
CM energy can be arbitrarily high for the collision of charged particles near the horizon of charged 
black holes and charged rotating black holes, where the fine-tuning of the angular momentum is 
naturally realized for the particle orbiting the ISCO if it exists. 

Magnetic fields prevail in astrophysical compact objects. Although the strength of magnetic 
fields at the horizon radius of the black hole has never been directly observed, it is estimated to be 
~ 10^ Gauss for stellar mass black holes and ~ 10^ Gauss for supermassive black holes using the 
relation based on the energy equipartition in accretion flows, the variability plane and the observed 



characteristic frequency of the X-ray variability [ij]. These values are fairly strong but still much 
weaker than the critical one 

5max = c'G-^I'M-' ~ 10^9 Gauss, (1) 

above which the self-gravity of magnetic fields directly affects the spacetime geometry around the 
horizon of the black hole of mass M . On the other hand, as we will see later, the effects of the 
magnetic fields to the particle motion appear with the nondimensional parameter b defined by 



mc^ \eJ \m^J \ 10^ Gauss/ \-^0. 

where q and m are the charge and the rest mass of the particle, respectively. Since q/m is very 
large for elementary charged particles, the value of \b\ is extremely large. In fact, the effects of 
magnetic fields to the motion of elementary charged particles can never be neglected and the limit 
|6| — )• oo is expected to give an excellent approximation. The ISCO of charged particles around 
a weaHy .agneti.ed stating black hole wa. analysed .„ R.t. Q and .ore general n,„ti^„t 
charged particles around a weakly magnetized Schwarzschild black hole was studied in Ref. [M] . 

Recently, Frolov [l^ found that when two particles collide near the horizon of a weakly magne- 
tized Schwarzschild black hole, one of which is charged and orbiting the ISCO with a finite Killing 
energy, the CM energy can be arbitrarily high if the magnetic field is arbitrarily strong. This 
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phenomenon might be connected to the fact that the radius of the ISCO approaches that of the 
event horizon in the hmit \b\ — )■ cxd. This phenomenon should be distinguished from the Baiiados- 
Silk-West (BSW) process in the respect that to obtain an arbitrarily high CM energy Frolov's 
process needs to presuppose an arbitrarily strong physical field at the beginning. On the other 
hand, Frolov's process might be relevant to astrophysics because \b\ estimated in astrophysical 
black holes is extremely large. 

The aim of this paper is two-fold: to develop the general mathematical framework to obtain the 
CM energy of non- geodesic particles and, in particular, charged particles in a test electromagnetic 
field around a Kerr black hole and to identify the effects of test magnetic fields for the charged 
particles around Schwarzschild and Kerr black holes with a special focus on the CM energy for 
the collision of a charged particle orbiting the ISCO with a generic neutral counterpart. We 
then naturally embed Frolov's scenario and Baiiados, Silk and West's scenario into the particle 
acceleration by a weakly magnetized Kerr black hole. 

This paper is organized as follows. In the next section, we develop the mathematical framework 
to obtain the CM energy of non- geodesic particle collisions. In Sec. lIIIl we consider charged particle 
motion in a uniform magnetic field around a Kerr black hole. In particular, we focus on the ISCO 
of a charged particle and demonstrate that the radius of the ISCO approaches the horizon radius as 
the uniform magnetic field is strengthened. In Sec. IIVI to discuss the effects of a uniform magnetic 
field on the BSW process and of rotation of the black hole on Frolov's process, we evaluate the 
CM energy of charged particle collisions around a magnetized Kerr black hole. The final section 

presents summary and discussion. We use the sign convention h -|--|- for the metric, and units 

in which c = G = 1. 

II. GENERAL FORMULA FOR THE CENTER-OF-MASS ENERGY OF A CHARGED 

PARTICLE COLLISION 

In this section, we derive the formula for the CM energy of two colliding charged particles in 
a stationary and asymmetric test electromagnetic field around a Kerr black hole. We discuss the 
effect of an electromagnetic field on the CM energy and whether the BSW process arises from 
charged particle collisions. 

The metric of the Kerr geometry in the Boyer-Lindquist coordinates is given by 



A -a 




) 



2asin2 9{r'^ + a"^ - A) 



dtd(j) 
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(r^ + 0^)2 - Aa^ sin^ 9 . , ,9 S , 9 ^ ,^9 

+ sin^ ed(j)^ + -^dr^ + T.d9^, (3) 

where 

S = + cos^ 9, (4) 

A = + - 2Mr, (5) 

and the two parameters, a and M, denote the spin and the mass of a Kerr black hole, respectively. 
In the case < M^, the event horizon of the Kerr black hole is located at the r-coordinate 



ru = M + V — o^, where A vanishes. As one approaches the event horizon, r — )• rn, her or his 
coordinate angular velocity defined by O = dcp/dt, approaches 

which is called the angular velocity of the horizon. Using J^h we can write the Killing vector that 
is tangent to the null geodesic generator of the horizon 

x'' = c+^Hr, (7) 

where ^'^ = (d/dt)"' is a stationary Killing vector and = (d/dcj))'^ is an axial one."^ 

We consider the motion of a charged particle in a stationary and axisymmetric Maxwell field 
around a Kerr black hole. Let pa be the canonical momentum of a charged particle conjugate to 
the coordinates. Then the Hamiltonian of charged particle motion is given by 

H=^g''''{pa-qAa){pb-qAb), (8) 

where q is the charge of a particle and A"" is a stationary and axisymmetric vector potential. Then 
we have two constants of motion pt and p^j, because t and (j) are cyclic coordinates due to the 
assumption of the spacetime symmetries. By the Hamilton equation, the momentum of a charged 
particle measured by a local observer, vr*^ = dH/dpa, is of the form 

= 9"% - qA\ (9) 

Note that we write vr" = mn" for a timelike particle of mass m, where is the velocity, and write 
tt" = hk"" for a null particle with the wave vector /c". For simplicity, we restrict our attention to 
particle motion on the equatorial plane [6 = so that vr^ = 0. By using the normalization 



^ The coordinate bases = {d/dt)°' and ip" = (d/dtp)"' are regular at the horizon r = rn, while the Boyer-Lindquist 
coordinates do not cover the horizon. We confirm that by using the Kerr-Schild coordinates as shown in App. 1X1 
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condition, gab'^""^^ = —"m"^, where m = for a null particle, the equation of the radial motion 
becomes 

where k = ±1 and the function Tt is given by 

7^ = - AJ^, (11) 

where 

P = (r2 + a2)(-7rt)-a7r<^, (12) 
-F= (7r^ + a7rt)VmV. (13) 

Let us consider the CM energy of two particles tt"^^ of mass and charge qs labeled by s = 1, 2. 
Hereafter pa , k^, '^s, 'Ps, and represent pa, k, 7^, and for particle-s, respectively. The 
CM energy E^m at a collision point is defined by 

El^ = -PaP"" = ml + ml- 25„b7r^i)4) , (14) 

where P° is the total momentum of the two charged particles, which is given by vr^^^ + t^'{2)- Using 
Eqs. Q and ()14p . we obtain the CM energy of charged particle collisions in an electromagnetic 
field around the Kerr black hole 



where we have used the radial equation of motion given in Eq. (jlOp . 

Let us evaluate the CM energy near the horizon in what follows. Equation p5|) implies that 
the necessary condition to make -Ecm infinite is that A is infinitesimal, that is, the collision must 
occur near the horizon. If ki = K2 and TZs ^ for each s, we have 

hm ^^^^ - f^^^ = Hm f + , (16) 

where we have used I'Hopital's theorem. From Eqs. (jlSp and (jl6p . the CM energy in the horizon 
limit is given by 



(i?l)' = hm EL =ml + ml + \ ( {j^ + mjrl) ^ + ( j| + m^r^) ^ - 2J1J2) 
r-i-rn V M -L2 J 



(17) 



where we have defined and Js as 



Zs= hm (-x'^vrW) (18) 

r— >-rH 
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and 



^^ = ,ii?,(<' + «^r), (19) 



respectively. Rearranging Eq. (IITD . we obtain 



This is the general formula for the CM energy of charged particle collisions near the horizon on 
the equatorial plane in an electromagnetic field. Furthermore, for two timelike charged particles, 
we can rewrite Eq. (|20p in a simpler form as 



E^m _ . / (rni + m2)2 ^ (JiX2-J-2Xi)2 + 4(X2-Xi)2 ^^^^ 



where the functions Ig and are defined to be Xs/ms and Js/ms-, respectively. Equation (f20]l or 
(j2ip shows that the necessary condition to have arbitrarily large Ecm at the horizon is that Xg is 
arbitrarily close to zero for either s. We call the particle satisfying = a critical particle, which 
is defined in Ref. jiS]. 

We assume that the vector potential of a stationary and axisymmetric electromagnetic field is 
of the form 

A" = + (22) 

where a and f3 are functions of r and 9 and Aa is a regular vector on and outside the event 
horizon, i.e., a and /3 take finite values in those regions. In the case of two charged massive particle 
collisions, the CM energy Ecm is written in the form of Eq. (jlSp with the functions 

ttJ,') + ani'^ =Ls- aE, - q, [{r^ + a')/? - aa] (23) 

and 

Vs = {r^ + a^)Es-aLs + qs{a^-a)A, (24) 

where we have defined Eg = —pf"^ and Lg = p"^\ which are interpreted as conserved energy and 
angular momentum of particle-s, respectively. 

The expression of E^^ in this case includes the functions Xg and given by 

Xg = Eg-^nLg + qg^n, (25) 
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and 

Js = Ls- aEs - 1^ (/? - Oho) , (26) 

respectively, where $h = limr-iTH X"^a is called the electric potential of the black hole. If we 
assume that the electromagnetic field vanishes, Aa = 0, and two colliding particles have the same 
rest mass mo, Eq. (i20]l coincides with Eq. (3.5) in Ref. |9|, 



2mo V 16M2(Si -OhLi)(^2 -S^H-^^2) ' 

III. CHARGED PARTICLE MOTION IN A UNIFORM MAGNETIC FIELD AROUND 

A ROTATING BLACK HOLE 

In this section, we discuss charged particle motion around a Kerr black hole immersed in a 
uniform magnetic field. We focus on the ISCO of a charged particle because the motion of a 
particle plunging from the ISCO to the horizon is one of the fundamental processes. ^ In particular, 
we show that the ISCO shifts toward the event horizon due to the effect of the magnetic field, 
which may cause the fine-tuning of the angular momentum because such fine-tuning occurs when 
the ISCO radius approaches the horizon radius in the case of a neutral particle collisions. 

We specify two functions in Eq. ([22]) as 

a = 0, 13 = B/2, (28) 

where 5 is a constant. The vector potential solves vacuum Maxwell's equation, which was dis- 
cussed in Ref. \vl\. At large distances from the Kerr black hole, the field strength Fab = '^'^[a^b] 
asymptotically approaches the uniform magnetic field of strength B, which is parallel to the rota- 
tion axis of the black hole. As the first step, we adopt the uniformly magnetized black hole as the 
background spacetime of charged particle motion^. 

To see the dependence of the ISCO radius on the magnetic field, we discuss the radial motion 
of a charged particle on the equatorial plane, which is also discussed in Ref. 



13 



14l |. For simplicity 



we omit the index s, which will be restored in the next section. From Eq. (jlOp . we have 

ir + KfT = 0, (29) 



^ In App. [B] we discuss the condition for a charged particle in a circular orbit to reach the ISCO by emitting its 

energy and angular momentum. 
^ Note that the present choice of the magnetic field is one of many other possible field configurations, as discussed 

in Ref. [li,[l3- 
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where V^s = —TZ{r)/{2m r ). For a simple calculation we define the function V as 



V = -2rVeff 

= (r^ + aV + 2Ma^) (^£^ - ^^A^ - (r - 2M)C'^ - AMaSC - Ar (^1 - , (30) 

where £ = E/m, C = L/m, and the parameter b = qBM/m introduced in Eq. ([2]) measures 
influence of the magnetic field on charged particle motion. 

Let us discuss the difference between the ISCO radius for geodesic particle motion and that for 
charged particle motion. The ISCO radius is determined by solving the equations V = V' = V" = 
0. The first and second derivatives of V with respect to r are given by 



V' = (3r2 + a2)f2 _ ^2 _ (3^2 _ ^ ^2) ^ _ 



4M2 



[br^ - 8Mr^ + %a^r^ + c?[a^ - 4M2)] 



(31) 



and 



/ hex \?r 
V" = 6r<?2 - 2(3r - 2M) ['^- J^) - (^^^ " + ^a^) 



respectively. We solve V' = Q and V" = for and £ as 

,2^ 



-h I r 



a 
3^ 



a 



(32) 



(33) 



and 



^9 b f 2M\ r- 



(34) 



respectively, where we have defined ry and A as 



2M 
3r 



62 
6 



5r2 a2 / 2M 4M^ 



(35) 



and 



62 

+ 



4M2 



2 / 4M2 
r2(5r2 - 4Mr + 4M2) + -a2(5r2 - 6Mr + 2M2) + M + — ^ 

3 V 9r^ 



(36) 



The equation is invariant under the following transformations: a — >■ —a, & — > —b, and L 
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-1.0 -0.5 0.0 0.5 1.0 

(arctan 6)/(7r/2) 



FIG. 1: The dependence of the ISCO radius n on b for some fixed value of a*. 

respectively, and o" = ±1. Finally, we obtain the equation to determine the radius of the ISCO by 
substituting Eqs. ([33|) and into V = 0, i.e., 

(r^ + aV + 2Ma2) (^£\r) - - (r - 2M)C\r) - AMa£{r)C{r) - Ar (^1 - = 0. 

(37) 

We identify the root of Eq. ([371) that is the closest to rn as the ISCO radius n, where we require 
n > '''H- Then, from Eqs. (|33p and (|34p . the energy and the angular momentum of the charged 
particle at the ISCO are given by £i = £{ri) and Ci = C{ri), respectively. We call the ISCO for 
£i > a prograde ISCO and the ISCO for £i < a retrograde ISCO. 

Figure [1] shows that the dependence of n on b for each fixed value of a* for the prograde ISCO, 
where a* is the dimensionless Kerr parameter defined as a^, = a/M. We find that, in the range 
< a* < 1, n decreases as |6| increases, but approaches a limit value that is larger than rjj as 
\b\ —7- oo. Note, however, that the behavior of n is special in the cases a^: = and a^, = 1. In 
the following subsections, we discuss the dependence of n on b in detail for the case of a nearly 
maximally rotating magnetized black hole and that of a slowly rotating magnetized black hole. 
In particular, since the limit value of n as 6 — )• oo is closer to rn than the case of negative b, 
which may cause the fine-tuning of the angular momentum more effectively as mentioned above, 
we concentrate on the case of nonnegative b. In what follows, we assume a > and 6 > 0. 
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A. ISCO of a charged particle around a nearly maximally rotating magnetized black hole 

For a nearly maximally rotating {a^ ~ 1) black hole with a magnetic field, by solving Eq. ()37p 
approximately we obtain the radius of the ISCO as 

9/-^. xi/^ 7 + 62(5-862 -66\/3 + 462), 
n/M = 1 + 22/3(1 - a,)i/3 + 25/3(1 + b2)2 ^'^ ~ ""^^ + " 

The effect of 6 appears in the terms of orders higher than (1 — a*)^/'^. In the maximally rotating 
black hole case, i.e., a^, = 1, r\ coincides with rjj for any 6. Then the energy and the angular 
momentum of the charged particle orbiting the ISCO are given from Eqs. (j33p -p6 p by 

^ V3T4F-6 , 22/3(^3 + 4^-6)2 ,3 
= ^ + 3V3 + 462 



and 



= 2(^3 + 462 - 6) 2V3(V3W-6)2 _ 3 
' 3 3^/3T46^ 



9 + 26 ( 726 + 8663 _ 5(3 ^ 462^3 ^ 452 
+ 3 22/3(3 + 462)3/2 - + - (^0) 

- (j40p reproduce the results of a nearly maximally rotating 



respectively. In the case 6 = 0, Eqs. ([38 
black hole case, which are seen in Ref. 

Let us see the limiting behaviors of Eqs. (|38P " (j40p . If we consider the case 6 <C 1, n behaves as 



n/M = 1 + 22/3(1 - a,)i/3 + I 2^/3 [l - ^62 + 0(63)^ (1 - a.f'"^ + 0(1 - a*). (41) 
This shows that rj becomes smaller by introducing small positive 6. Then 81 and Ci become 

- ^ 2V3 (1 + -1=6+0(6=)) (1 - a.f' + 0(1 - a.) (42) 



and 



respectively. Hence, we find that both £i and Ci take smaller values by introducing small positive 
6. 
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We are also interested in the case 6^1. In this case n behaves as 
ri/M = 1 + 2^/3(1 - a,)i/3 - 5 2^/^ (l - ^b'^ + 0{b-')^ (1 - a.)^/^ + 0(1 - a,). 
Then £i and Ci behave as 



(44) 



and 



£i/M = ^6 (^1 + -1^(1 - a.)V3 + _ a,)2/3 + 0{l - a.)) + 0(6"^), 



(46) 



respectively. Thus, we find that both the energy and the angular momentum of a charged particle 
at the ISCO become infinite as b goes to infinity. 

B. ISCO of a charged particle around a slowly rotating magnetized black hole 

In this subsection, we discuss the dependence of ri, £i, and £i on a* and b in the case of a slowly 
rotating magnetized black hole. In Sec. IIIIB H we discuss the case of magnetized Schwarzschild 
black holes so that we review Frolov's result in the next section. In Sees. IIIIB II and IIIIB 31 we 
discuss the two cases 1 » b^^ » a* and 1 » a* » b^^ separately because the behavior of n, £i, 
and Ci is extensively different. 

1. a* = and b^^ ^ 1 

Let us consider charged particle motion at the ISCO around a magnetized Schwarzschild black 
hole. By solving Eq. ()37p with a = and b^^ <^ 1, we obtain the asymptotic form of n as 



This result coincides with the result given in Ref. [15|. From Eqs. (jMj) and p3|) . £i and £i take 
the forms 

and 

Ci/M = 2b + 2V3 + 0{b-^), (49) 

respectively. Therefore, the energy of a charged particle at the ISCO approaches zero and the 
angular momentum takes an arbitrarily high value as b goes to infinity. 
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2. 1 > > a^. 



Let us consider charged particle motion at the ISCO around a slowly rotating magnetized black 
hole in the case 1 S> » a*. Then the ISCO radius becomes 

Then £i and £i take the forms 

£i = + 0(6-=^/^) + Q + 0(6°)) a. + 0{al) (51) 

and 

£i/M = 26 + 2\/3 + 0{b-^) + (-2 33/^\/& + 0(6-^/^)) a* + ©(a^), (52) 

respectively. The leading terms in Eqs. (jSTj) and ([52]) reproduce Eqs. (|18|) and (|19]) . respectively. 
In the next leading terms, we have found the correction of £i and Ci by the black hole rotation. 



3. 1 > a, > 

In the case 1 ^ a* 3> 6^^, n is of the form 

n = 2-lal + 0{at) + 0{aT)^ b~'/' + 0(6-^/^). (53) 

Then £i and £i at r = rj take the values 

= (y - I + ^ + + 0{al'/')^ 6V3 + 0(fe-i/3), (54) 

and 

Ci/M = (^2 - ^ + 0(a^)) & + (31/3^2/3 + o{af')) b'/' + 0{b-'/'), (55) 

respectively. Therefore, unlike in the previous case 1 S> b^^ S> a*, both £1 and £1 go to infinity as 
b goes to infinity. 

In both cases 1 » 6^^ ^> a* and 1 a* 6~^, the ISCO radius n given by Eq. (j50|) or Eq. (j53|) 
takes a value larger than the horizon radius rn since the horizon radius behaves as 

ru/M = 2-^al + Oiat). (56) 

We can say that if the black hole has a small but finite spin the location of the ISCO does not 
coincide with that of the event horizon even in the limit 6 — )• 00 in contrast to the case of the 
Schwarzschild black hole. 
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IV. EVALUATION OF CENTER-OF-MASS ENERGY 

In this section we discuss the effect of the magnetic field given in Eqs. (I28p on the CM energy 
of charged particle collisions around a Kerr black hole. Let us obtain the CM energies that are 
calculated for two different processes in the present section. 

The first is the CM energy of charged particle collisions near the horizon; charged particle-1 with 
E\ = E\ and £i = L\ plunges from the ISCO to the horizon and collides with generic particle-2. 
For the magnetic field given in Eqs. (|28p. the formula for the CM energy (j2ip in the near horizon 
limit is given in the form 



(mi + m2)^ 



+ 



{e2Cx - 8iC2)/{2M) - {bil2 - b2±l) + (il - ±2? 



(57) 



mim2 Z1Z2 
where Xg defined in Eq. ()25p takes the form Xs = E^ — $7h>Cs because $h becomes zero in this case, 
and hs denotes the parameter h defined in Eq. ([2]) for particle-s. 

The second is the case where generic particle-2 collides with charged particle-1 orbiting r = r\ 
with E\ = £1 and Ci = Ci. From Eq. (jlSp evaluated at r = rj under the condition IZi = 0, the CM 
energy is given by 



^mim2 



m\ + ml 

17111712 



^ £1 - aSi 



2M 



h] \ C,2- a£2 



rf + 
2M 



+ 



1/2 



(58) 



where Aj = rj -|- — 2Mri. 

In the following subsections, we evaluate both CM energies, E^ and E\-^. We consider the 
case of a nearly maximally rotating magnetized black hole in Sec. IIV Al and the case of a slowly 
rotating magnetized black hole in Sec. IIVBI 

A. Nearly mELximally rotating magnetized black hole 



In this subsection, let us evaluate the CM energies E^ and E].-^ in a nearly maximally rotating 
magnetized black hole spacetime. In particular, we focus on the effect of the magnetic field on the 
BSW process. 

Firstly, we estimate E^^ approximately. Substituting Eqs. (f39l) and (f40l) into Eq. (f57|l . we 
obtain 



E^ 



2^l^^2£2- C2/M 



(l-a2)i/4 



(59) 
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where the function F is defined by 

n^)- '^-"\i:'"'\ (60) 

which shows the deviation of from the case 6 = and behaves as F{h) ~ 1 — 6/(2-v/3) for 
6^1. Equation (1591) shows that becomes arbitrarily large as a* goes to unity. This is caused 
by the fine-tuning of the angular momentum, Xi = 0, for the charged particle collision, which is 
given by Eqs. (p5]) . ([39]) . and (00]). The result means that the BSW process can occur in the case of 
the charged particle collisions in the nearly maximally rotating magnetized black hole. Therefore, 
we conclude that the BSW process is stable against the effect of the magnetic field. 

In the case 6 ^> 1, which is relevant to astrophysics, F{h) behaves as F{b) ~ ?>^'^/^y/h. Therefore, 
the CM energy can be arbitrarily high as the magnetic field is arbitrarily strong, even though the 
black hole spin is not nearly maximal. Note, however, that we should distinguish this effect from 
the BSW process because in this case either or both of energies of the charged particles plunging 
from the ISCO must be arbitrarily large before the collision in the limit 6—7-00. 

Secondly, we estimate E'^m approximately. Substituting Eqs. (139]) and (f40]) into Eq. (f58]) . we 
have 



^/^f^ " 31/4(1 -a2)l/6 ' 

where this estimate also includes the same function F{bi) defined in Eq. (|60p . For 61 = 0, Eq. (|6ip 
reproduces Eq. (5.1) in Ref. [9]. We find that also becomes arbitrarily large as a* goes to 
unity. The result also means that the BSW process can occur in the case of the charged particle 
collisions in the nearly maximally rotating magnetized black hole. 

Let us evaluate typical values of Eqs. (|59p and (j6ip . For a collision of an electron as particle- 
1 and a hydrogen atom as particle-2 around a stellar mass black hole with M = IOMq and 
B = l{f Gauss, F(6i) is estimated to be 7.0 x 10^ where 61 ~ 8.6 x lO^^. If we take Thome's limit, 
a* = 0.998, the ratio of E^ to the rest electron mass rrie becomes E^/rric ~ 1.3 x 10*^, where we 
have assumed \JlE-2 — ^^2/^ = 1- Namely, is much greater than rn-e. The ratio El^/nie also 
takes a large value El^/nie — 1.0 x 10^ under the same choice of the parameters. Namely, E^ 
and EI^ are estimated to be ~ 66TeV and ~ 52TeV, respectively. Furthermore, Table [I] shows 
that the CM energies of various colliding particle pairs in the same situation. Therefore, we find 
that highly relativistic collisions occur near the horizon of a nearly maximally rotating magnetized 
black hole. Note that the high collision energy here is caused by the requirement of the high initial 
energy, £^1 oc 61, for the charged particles to orbit the ISCO. 
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colliding particles E^„^ (TeV) El^ (TeV) 

c-H 6.6 X 10^ 5.2 X 10^ 

p-H 6.6 X 10^ 5.2 X 10^ 

Fe^^+-H 3.4 X 10^ 2.7 x 10^ 

Fe^^+-Fe 2.5 x 10^ 2.0 x 10^ 

TABLE I: The CM energies for collisions of an electron and a hydrogen atom (e-H), a proton and a hydrogen 
atom (p-H), an iron nucleus and a hydrogen atom (Fe^^"*"-!!), and an iron nucleus and an iron atom (Fe^^"^- 
Fe), where we have used a* 0.998, M = lOA/©, B ^ 10^ Gauss, ^2^2 - C2/M 1, = 0.511 MeV, 
"T-p = m-H 0.938 GeV, and tofc — 712^^26+ — 55.9r7ip. 



B. Slowly rotating magnetized black hole 

In this subsection, we focus on the case of a slowly rotating magnetized black hole. Let us 
evaluate and in three cases: a^: = and b^^ <^ 1 in Sec. IIVB It 1 ^ bj^ » a* in 
Sec. IIVB2t 1 > a* > b~^ in Sec. IIVB 31 

1. a* = and b^^ <^ 1 

In the case = and b^^ <ti 1, which is the case of a magnetized Schwarzschild black hole, we 
estimate Eq. (|57|) by using (j48]l and (j49l) . Then we have 

E^ 



33/8v^6j/' + 0(6-^/"). (62) 



y/mim2 

This result shows that E^^ becomes arbitrarily large as bi goes to infinity. Note, however, that the 
colliding particles have finite energies before the collision. We call the collision with an arbitrarily 
high CM energy of charged particles as 61 —t- 00 with initial finite energies Frolov's process. In 
this case, Ii approaches zero, which is similar to that in the BSW process in a maximally rotating 
black hole with no magnetic field. Consequently, we find that the arbitrarily high energy collisions 
of particles with finite energies are realized in the magnetized Schwarzschild black hole. 
On the other hand, E}.^ behaves as 

^cm _ 2^/^ ,1/4 ^ -1/4 



yjmim2 3^/^ 



6V- + 0(5-^/^). (63) 



16 



This result also shows that becomes arbitrarily large as 61 goes to infinity, where the initial 
energies of colliding particles are finite. Since Eq. ()63p reproduces Frolov's result Eq. (42) in 
Ref. [15], we find that Frolov's process here is the original one. 

Note that in both cases the angular momentum of the charged particle orbiting the ISCO 
becomes infinite as b goes to infinity. However, this does not immediately mean that the angular 
momentum measured by a local observer, vr^, becomes infinite. In fact, vr^ approaches zero as b 
goes to infinity in these cases. 



2. 1 > &i ^ > a* 

In the case 1 ^ b^^ » a*, which includes the Schwarzschild limit, substituting Eqs. ([5T]) and 
52]) into Eq. (|57|) . we have 



The leading term of Eq. (j64p reproduces Eq. (j62p . As seen from the next leading term, the rotation 
of the black hole provides a small correction to Eq. (j62p . Note that E^ becomes arbitrarily large 
as bi goes to infinity only in the case of the magnetized Schwarzschild black hole because we cannot 
discuss 61—7-00 for a nonzero a* in the present parameter regime. Frolov's process in the case of 
a slowly rotating magnetized black hole will be discussed in the next section. 
On the other hand, EI^^ behaves as 

- 6/ +0(^1 )+ W +0{b^' ) U* + 0«). (65) 



y/mim2 3V8 



The leading term of Eq. (j65p also reproduces Eq. (j63p . As seen the correction in the next leading 
term, we find that small rotation of the black hole enhances the value of EI.^. As in the case of 
Eq. (I64p . Eq. (I65p becomes arbitrarily large as 61 goes to infinity only in the limit of the magnetized 
Schwarzschild black hole. 



3. 1 > a, > 



We turn our attention to the case 1 ^> a* ^ 6^ ^, which corresponds to typical astrophysical 
situations. Substitution of Eqs. (f5ll) and (155]) into Eq. (fSTP yields 



3^/^ 



V2 



2 1/2 



+ 0{aT)^ b\'' + (3^/37^ a-:^" + 0{al")) 6"^/^ + 0{b-'l') 



(66) 
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colliding particles 


Efm (TeV) 


EL (TeV) 


e-H 


4.3 X IQi-" 


4.1 X IQi-" 


p-H 


4.3 X 10^-" 


4.1 X 10^-" 


Fe2*^+-H 


2.2 X 10^-" 


2.1 X 10^-" 


Fe2^+-Fe 


1.6 X 10^"" 


1.5 X 10^"" 



TABLE II: The CM energies for collisions of an electron and a hydrogen atom (e-H), a proton and a 
hydrogen atom (p-H), an iron nucleus and a hydrogen atom (Fe^^'^-H), and an iron nucleus and an iron 
atom (Fe^^^-Fe). We have defined a* = 10^^", where n is determined in the range 1 ^ :$> b^^ and 
have used that M = IOMq, B = 10* Gauss, = 1, TOc = 0.511 MeV, mp = mn = 0.938 GeV, and 
mpc = mp(,26+ ~ 55.9r7ip. 

On the other hand, from Eq. ([58]) with Eqs. (fM|) and ([55]) . becomes 

- ^2^^ al" + 0(a^/^)) 6f + f-^a."^/^ + ©(ay^)") 6^^/^ + 0{b-''\ (67) 



The both results show that and £^^jjj become arbitrarily large as bi goes to infinity. The power 
of 61 in Eqs. (I66p and (|67p directly reflects that in Eq. ()54p . Note, however, that arbitrarily high 
initial energy of the colliding charged particle is required to orbit the ISCO in order that we obtain 
arbitrarily large or E^. Therefore, we conclude that Frolov's process does not occur in this 
case. 

As discussed in the previous subsection, we consider the collision of an electron as particle- 1 and 
a hydrogen atom as particle-2 around a stellar mass black hole with M = IOMq, a^, = 0.01, and 
B = 10^ Gauss, where 61 ~ 8.6 x 10^^. We should note that the estimate of the CM energy by Frolov 
for the Schwarzschild black hole is not applicable for realistic astrophysical situations because the 
condition h^^ S> a* would not be satisfied there. Since the parameters satisfy 1 S> a* S> b^^ , 
we should adopt Eqs. (f66]l and (f67|l . Assuming -y/^ = 1, we obtain E'^/rric ~ 8.4 x 10^ and 
Elm/me ^ 7.9 X 10^. Namely, both of the CM energies are ~ 4 TeV in order of magnitude. 
Furthermore, Table HIl shows that the CM energies of various colliding particle pairs in the similar 
situation. This means that highly relativistic collision can occur near the horizon of a slowly 
rotating black hole in an astrophysical context. However, the high collision energy is caused by the 
high initial energy of the charged particle, £1 oc 61, to orbit the ISCO. Finally, we conclude that 
Frolov's process does not occur in the slowly rotating magnetized black hole in the present choice 
of field configuration. 
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V. CONCLUSION 

In this paper, we have discussed the effect of weak electromagnetic fields on charged particle 
acceleration by a Kerr black hole. We have obtained the general formula for the CM energy of 
non-geodesic particle collisions, in particular, charged particles on the equatorial plane in test 
electromagnetic fields around a Kerr black hole. The CM energy evaluated near the horizon 
becomes arbitrarily high if either particle is near critical one. 

The orbits of charged particles in a magnetized Kerr black hole dramatically deviate from 
geodesies even for a modest electromagnetic field. In this paper, we have discussed charged particles 
at the ISCO in the uniform magnetic field around a Kerr black hole. As a result, we have found 
that the ISCO shifts inward because of the effect of the magnetic field. To see the effect of the 
magnetic field on charged particle collisions near the horizon, we have derived the modification to 
the CM energy in two cases: a charged particle plunges from the ISCO to the horizon and collides 
with another particle; a charged particle orbiting the ISCO collides with another particle at the 
ISCO. 

We have embedded the BSW process and Frolov's process into the particle acceleration by a 
weakly magnetized Kerr black hole. Firstly, for a nearly maximally rotating magnetized black hole, 
we have obtained the correction of the CM energy for the BSW effect by the magnetic field. The 
results show that the BSW process occurs even for the charged particle collisions in the magnetic 
field around a rotating black hole, which is caused by the fine-tuning of the angular momentum 
of a charged particle at the ISCO. On the other hand, the CM energy can be arbitrarily high as 
the magnetic field is arbitrarily strong, even though the black hole spin is not nearly maximal. 
However, we should distinguish this effect from the BSW process because in the present case the 
energy of charged particles plunging from the ISCO must be arbitrarily large before the collision. 

Secondly, we have discussed charged particle collisions around a slowly rotating magnetized 
black hole. We have found that high energy charged particle collisions occur even in the case of 
a non-extremal black hole by the effect of the magnetic field, while the arbitrarily high energy 
collisions of particles with finite energies are realized only in the magnetized Schwarzschild black 
hole. Furthermore, in a typical situation of astrophysics, Frolov's process does not occur at least 
in the present choice of the field configuration because large energy is required to put a charged 
particle at the ISCO. It is not clear whether such extremely high energy particles are realistic 
around astrophysical compact objects. 

We have estimated the typical values for the CM energy for the collision of a charged particle 
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orbiting around a magnetized Kerr black hole with the parameter values which are realistic in 
astrophysical stellar mass black holes both for the rapid rotation case and for the slow rotation 
case. The result is summarized in Tables H] and HH We can see that the typical value (~ 10 TeV 
per nucleon) for the former case a=K = 0.998 is much greater than that (~ 1 TeV per nucleon) for 
the latter case a* = 0.01. From this result, we can conclude that the combination of the large spin 
and the strong magnetic field of the black hole efficiently accelerates a charged particle orbiting 
around the black hole. The typical values for the CM energy in the case of a super massive black 
hole are almost the same as or slightly larger than those in the case of a stellar mass black hole. 

In the present choice of the magnetic field configuration, the electric charge of the spacetime is 
given hy Q = 2MaB [17], which is nonzero for a rotating black hole but typically gives a very small 
value ~ 10^^" for Q/M. Note, however, that this field configuration is not unique. For example, 
to see the pure effect of the magnetic field, we should choose the electromagnetic field that has no 
electric charge, because the behavior of both the BSW process and Frolov's process may depend 
on the choice of the field configuration. 
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Appendix A: Regularity of and i/)" at the horizon 



Let us consider a coordinate transformation defined by 



dt = dT 



2Mr 



dr, 



(Al) 



A 



d(j) = d^ - -rdr, 



(A2) 
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from the the Boyer-Lindquist coordinates {t,r,9,(j)) to the Kerr-Schild coordinates (T,r,9,^). In 
these coordinates, the metric of the Kerr spacetime ([3]) can be rewritten as 

/ 2Mr\ a 4Mr , , 4Mr 9^, , / 2Mr\ ,n 
ds^ = -ll — J dT^ + -^dTdr —a sin^ 6'dr(i$ + ( 1 + J + Sd6|2 

+ — - — '-^ sin^ ed^^ - 2a sin^ 6* ( 1 + \ drd^. (A3) 



We can easily check that the metric (|A3p is regular at the black hole horizon r = rn, i.e., the 
metric components do not diverge at the horizon and the determinant of the metric components 
takes a finite negative value at the horizon. Thus, the Kerr-Schild coordinates cover the black hole 
horizon r = rjj in the Kerr spacetime, while the Boyer-Lindquist coordinates do not. 

From the relation between the Boyer-Lindquist coordinates and the Kerr-Schild coordinates 
()Aip and ()A2p . we can show 

{d/dtf = {d/dTf , (A4) 

{d/d(l))^ = (d/d^)'' . (A5) 

Since the coordinate bases in the Kerr-Schild coordinates are regular at the horizon r = th, we can 
say that the two vector fields = {d/dtY and -0" = {d/d(j))'^ in the Boyer-Lindquist coordinates 
are also regular at the horizon r = rn. 



Appendix B: Circular orbits near the ISCO 

For a particle in the circular orbit to reach the ISCO by emitting its energy and angular 
momentum, it is necessary that the energy of the circular orbits near the ISCO monotonically 
decreases as the radius of the circular orbit decreases. By solving F = and y = 0, we can 
find energy E and angular momentum L as the function of the radius of the circular orbit r. We 
should check dE/dr > near the ISCO. In this section, we numerically show that this condition 
is satisfied for typical examples. 

We plot the energy and the angular momentum for the typical sequences of circular orbits which 
contain the ISCO in Fig. [2j In this figure, the leftmost point corresponds to the ISCO for each 
sequence. From this figure, we can see that the condition dE/dr > is satisfied for the circular 
orbits near the ISCO, although this is not always satisfied for circular orbits distant from the ISCO. 
We also note that the function dE/dr takes zero at the ISCO radius. 
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FIG. 2: Panels (a), (b), and (c) show the energy of a charged particle as the function of the radius of a 
circular orbit for 6 = 0, 1, and 10, respectively. The solid, dotted, dashed, thick, and dot-dashed curves in 
each panel denote the cases a — 0, 0.25, 0.5, 0.99, and 1, respectively. 
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